Abstract: We compute the 2n-point renormalized coupling constants in the symmetric phase of the 3d Ising model on the sc lattice in terms of the high temperature expansions O(β 17 ) of the Fourier transformed 2n-point connected correlation functions at zero momentum.
I. INTRODUCTION
In recent times a considerable effort has been devoted to the evaluation of the 2n-point dimensionless renormalized coupling constants (RCC's) at zero momentum for the Ising model in three dimensions. These quantities are of interest for constructing the field theoretic effective potential [1, 2] of a 3d scalar field at the infrared fixed point or, in statistical mechanics language, for the formulation of the critical equation of state of the 3d Ising model universality class [3] [4] [5] . The computational methods, which so far have been used, include various approximate forms [6] [7] [8] [9] [10] [11] of the renormalization group (RG), the field theoretic strong coupling expansion [2] , the high temperature (HT) expansion [3, 4, [12] [13] [14] and (single-or multi-cluster) MonteCarlo techniques [5, [15] [16] [17] .
In this note we want to discuss how helpful in getting a first estimate of the RCC's in the symmetric phase, can be extensive HT expansion data published long ago [18] and so far only partially analyzed. Indeed expansions as double series in the HT variables v = tanh(β) and τ = exp(βH), where β is the inverse temperature, are available for the Ising model free energy in a magnetic field H on various 2-,3-and 4-dimensional lattices. In particular, in the 3d case the series extend up to order v 17 for the sc lattice, up to v 13 for the bcc lattice and up to v 10 for the fcc lattice. By computing the 2n-th derivative of the free energy with respect to the magnetic field at zero field we readily obtain the HT expansion of the Fourier transformed 2n-point connected correlation function at zero momentum (also called the 2n-th susceptibility) χ 2n (v) = 
These expansions together with that of the second moment correlation length
6χ 2 (v) are the essential ingredients for the calculation of the RCC's. The expansion of the second moment of the 2-point correlation function µ 2 (v) on the sc lattice has been recently extended in Ref. [19] .
In terms of these quantities, the first few RCC's, in the symmetric phase, are defined [2] as the values g + 2n , (n ≥ 2), that the following expressions
take as v ↑ v c . The volume V per lattice site has the value 1 for the sc lattice, 4/3 √ 3 for the bcc lattice and 1/ √ 2 for the fcc lattice.
We recall that scaling implies that, as the critical temperature is approached from above, we have χ 2n ≃ B + 2n (v c − v) −γ−(2n−2)∆ , where ∆ is the gap exponent. If we also assume the validity of hyperscaling, we have 2∆ = 3ν+γ (where ν and γ are the critical exponents of ξ and χ respectively), so that the RCC's are finite (and universal) quantities. The quantities g 2n are expected [20] to be of the form g 2n (v) ≃ g
, where the dominant universal scaling correction exponent θ has the value θ = 0.50(2) [25] for the 3d Ising model.
By changing in the functions g 2n (v) the variable v into y = ξ 2 (v), we obtain the strong coupling expansions, through the order y 17 , of the functions γ 2n (y) [2] whose values at y = ∞ give the RCC's.
Let us add a few comments concerning the HT and the strong coupling series coefficients of the χ 2n on the sc lattice that we have tabulated, up to order v 17 , in the appendix together with the coefficients of the second moment of the correlation function µ 2 (v) in order to provide the interested reader with all data we have used and thus make our calculations easily reproducible. The expansion for χ 4 was first computed [21] through v 17 using the data of Ref. [18] , but only recently we could check it against a completely independent linked-cluster computation through the same order [19] . We should only draw attention to a minor misprint in the last 2 digits of the coefficient of v 12 as reported in Ref. [21] . Concerning the strong coupling expansions, we notice that in Ref.
[2] γ 6 (y) has been tabulated, for any space dimension, through order y 11 , while γ 8 (y) and γ 10 (y) through order y 7 only. A further significant extension of all these series can still be performed [19] : only then a complete check against an independent computation will be possible for the coefficients tabulated here.
While this work was being completed, we became aware of a related work [14] , also devoted to the analysis of the data of Ref. [18] , and where also the low temperature side of the critical region is studied. We decided therefore to present only the part of our computation, mainly concerning the higher RCC's, which was not already covered by the very thorough discussion of Ref. [14] . In fact the availability of a longer HT expansion of ξ 2 enables us to study also individual RCC's rather than only ratios among them, and moreover gives access to the strong coupling expansions.
II. NUMERICAL RESULTS
We shall now present our estimates of the first few RCC's as obtained from either the HT or the strong coupling expansions and discuss various "biased" or "unbiased" numerical procedures.
In a first and straightforward approach we estimate g
(v) which has a Taylor expansion in v. This procedure is not convenient for extrapolating g 10 (v), which changes its sign at some 0 < v 0 < v c . In this case we should consider instead the expression ( Here, as in the rest of this report, our estimates are given by a suitably weighted average over the results from the approximants using at least 14 series coefficients and the uncertainties are measured, conservatively, only on the basis of the spread of the results obtained from the highest approximants, always allowing also for the (much smaller) effects of the errors in v c and θ.
It should be noticed that the central estimate of g + 4 obtained above is slightly, but significantly larger than the well established RG estimate g + 4 = 0.988(4) [25] . This discrepancy leads us to investigate whether and to what extent these values are also affected by a "systematic" error due to the non-analytic corrections to scaling which can spoil the convergence properties of the PA's. It has been suggested in Ref. [26] that these corrections can be allowed for, or at least their effects can be significantly reduced, by performing the quadratic
Essentially the same results are also obtained by using appropriately designed first order differential approximants [27] in which we can bias both v c and the scaling correction exponent θ. We arrive thus at our final set of estimates 
While the value of g + 4 is only slightly lowered (and thereby closely reconciled with the most accurate RG estimates), the central estimates of the higher g + 2n are significantly altered and the uncertainties are reduced. Therefore it appears that our initial very simple numerical approach was rather inadequate and moreover we infer that the amplitudes A + 2n of the scaling correction terms increase with n. Finally, if we notice that the uncertainties of our estimates grow rapidly with the order of the RCC's, it is clear why, with the presently available series, we have to restrict our calculations to the g + 2n with n ≤ 5. It is interesting also to study directly other quantities such as, for instance, appropriate ratios of the functions g 2n (v) which do not depend on ξ 2 and might be less sensitive to the scaling corrections, as a means to understand better the actual uncertainties of our numerical procedures. We have therefore considered the expression T 
| v↑vc , r ≥ 1, which are strictly related to the T + i , was introduced in Ref. [28] and, by using twelve term series [12] , the first few I + i were estimated to be I 
As it appears from the smaller difference between the results of the two kinds of numerical procedures, the T + i and especially the I + i turn out to be less sensitive to the scaling corrections than the g + 2n and therefore we assume that they can be be determined with higher relative accuracy. It is therefore interesting to notice that from the above estimate of I An unbiased study of the RCC's can be performed starting with the strong coupling expansion. In Ref. [2] an elaborate extrapolation procedure was proposed which involves the dependence of the series coefficients on the space dimensionality. We have not yet computed this dependence up to order v 17 and therefore we cannot reproduce this procedure. We can, however, try the simplest approach to evaluate γ 2n (∞), which consists in forming [N + 1/N ] PA's to the quantity yγ Alternatively, we can generalize a technique introduced in Ref. [29] , which consists in inverting the functions z 2n = γ
(y) (after checking that the dependence of z 2n on y is monotonic) and in determining g In conclusion, we believe that the general consistency among the results obtained by applying suitable approximation procedures to various quantities with somewhat different properties corroborates our estimates in (2).
III. A COMPARISON WITH OTHER ESTIMATES
Let us now proceed to a comparison with the results already available in the literature. Our values in (2) for g (2) of Ref. [14] . As to the strong coupling approach, we us recall that in Ref. [2] the estimate g + 6 = 1.2(1) was obtained from an eleven term strong coupling series.
It is also interesting to perform a comparison with the results obtained in the most extensive recent RG study [10] , by the fixed dimension (FD) expansion [25] up to five loop order, resummed by the Borel-Leroy technique combined with an appropriate conformal mapping. The estimate of g should not be taken too seriously because, as noted above, the uncertainty which affects the calculation grows with the order of the RCC. Let us also return to a previous remark, in noticing that from the estimates of the F i in Ref. [25] one arrives at the values I We also ought to recall that an independent calculation in the FD scheme gave the estimates g + 6 ≃ 1.50 in the two loop approximation [7] , g + 6 ≃ 1.622 at three loop order with Padè-Borel resummation [8] , and g + 6 ≃ 1.596 at four loops [9] . On the other hand, from a 3 loop computation, values for g + 8 have been obtained [8] which range from 0.68 to 2.71, depending on the resummation procedure.
The approximate truncation of the RG flow equations studied in Ref. [6] yields g (15), which is not very far from our estimate, while the simulations described in Ref. [16] indicate the values g + 6 = 2.7(2) and g + 8 = 4.3(6), significantly larger than both the RG results and ours. A summary of the present situation is presented in Table 1 which collects our estimates of the RCC's along with the corresponding ones obtained by other methods.
IV. CONCLUSIONS
We may conclude that, although the various computational approaches do not yet agree perfectly, they do appear to converge to common estimates at least for the lowest RCC's. Therefore, in view of the difficulty of these calculations, we believe that the present residual discrepancies should not be overemphasized. The ǫ expansion is certainly still too short, and perhaps, even for the FD expansions, a further extension would be welcome. The HT series presented here are not yet long enough, the more so the higher the order of the RCC considered. Indeed, we might argue that, at the order v s , the dominant contributions to the HT expansion of χ 2n (v) come from correlation functions of spins whose average relative distance is ≃ s/2n, so that present HT expansions, in some sense, still describe a rather "small" system. Analogous problems of size also occur in stochastic simulations [5, 16, 17] . Therefore further effort would still be welcome to improve the reliability, the precision and, as a result, the consistency of the various approaches.
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APPENDIX A: SERIES EXPANSIONS
In the case of the sc lattice the HT expansion of the susceptibilities χ 2n are 
